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Abstract
We introduce a new sufficient condition for the conclusion of the Omori–Yau almost maximum principle
in terms of the existence of a special exhaustion function. This seems presenting perhaps the easiest proof.
We also demonstrate that the existing sufficient conditions imply our sufficient condition.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
The primary focus of this article is upon the following celebrated theorem.
Theorem 1 (Omori [5] / Yau [11]). Let M be a complete Riemannian manifold with Ricci cur-
vature bounded from below. If a C2 function f :M → R has an upper bound, then there exists a
sequence {pk} on M such that
lim
k→∞‖∇f ‖(pk) = 0, lim supk→∞ f (pk) 0, and limk→∞f (pk) = supM f.
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of applications in Differential Geometry and several other related topics.
Inspired by the article [9] by H.L. Royden, we give in this article a new sufficient condition in
terms of the existence of a special exhaustion function. As far as we know, this condition appears
to be most basic. Another point we want to point out is that our approach seems providing an
easy access to the proof of the theorem above.
2. Terminology and main theorem
Let M be a complete Riemannian manifold. Recall that a real-valued continuous function u
on M is called proper, if the set {p: u(p) r} is compact for every real number r .
For a real valued function u : M → R and a point p ∈ M , call a function v defined on a
neighborhood Up , say, of p an upper-supporting function for u at p, if the conditions v(p) =
u(p) and v  u hold in Up . Now we set up some terminology.
Definition 1. Call a proper function u :M → R a tamed-exhaustion, if it satisfies the following
conditions:
(1) u 0.
(2) At every p ∈ M it has a C2 smooth, upper-supporting function v at p defined on an open
neighborhood Up such that ‖∇v‖ 1 and v  1 at p.
Then we present our main result of this article.
Theorem 2. Let M be a manifold admitting a tamed exhaustion function. Then for every C2
function f :M → R bounded from above, there exists a sequence {pk} on M such that
lim
k→∞‖∇f ‖(pk) = 0, lim supk→∞ f (pk) 0, and limk→∞f (pk) = supM f.
Proof. Note first that one may assume without loss of generality that supM f > 0. The reason is
simple: if supM f  0, one may choose a positive constant C such that supM(f + C) > 0. It is
obvious that one is required only to prove the theorem for f + C.
One can now choose a point p ∈ M such that f (p) > 0. For each  > 0, denote by
X =
{
x ∈ M
∣∣∣ u(x) < 1

}
.
Note that X forms an increasing sequence of open subsets of M , whereas their closures give
rise to a compact exhaustion of M as  ↓ 0.
Choose a positive constant r such that p ∈ Xr . The continuous function (1 − ru(x))f (x)
vanishes on the boundary of Xr . Since (1 − ru(p))f (p) > 0, and since Xr is compact, the
function (1−ru)f attains its maximum value in the set Xr , say at pr ∈ Xr , respectively. Needless
to say, this maximum value is positive. We fix the value of r , throughout.
Let  be a constant satisfying 0 <  < r . It holds obviously that (1 − u(p))f (p) 
(1 − ru(p))f (p) > 0. Moreover, p ∈ Xr ⊂ X . Thus, the function (1 − u)f also attains a
positive maximum; let us say that the maximum occurs at p ∈ X . We shall continue denoting
p as the maximum point for (1 − u)f on X , for each  with 0 <  < r .
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neighborhood of p . There is no harm assuming that U ⊂ X . It follows by the definition of v
that (
1 − v(x))f (x) (1 − u(x))f (x) (1 − u(p))f (p) = (1 − v(p))f (p)
for every x ∈ U . Hence one obtains that
∇(1 − v(p))f (p) = 0.
By a direct calculation, one gets (1 − v(p))‖∇f (p)‖   supM f . Since v(p) = u(p) it
follows that(
1 − u(p)
)∥∥∇f (p)∥∥  sup
M
f.
Since 0 <  < r , note that pr ∈ X . Hence, (1 − u(pr))f (pr)  (1 − u(p))f (p). Conse-
quently, one may conclude that(
1 − ru(pr)
)
f (pr)
∥∥∇f (p)∥∥ (1 − u(pr))f (pr)∥∥∇f (p)∥∥

(
1 − u(p)
)
f (p)
∥∥∇f (p)∥∥
 f (p) sup
M
f  
(
sup
M
f
)2
.
Thus, one arrives at∥∥∇f (p)∥∥  ·( (supM f )2
(1 − ru(pr))f (pr)
)
.
Notice that (supM f )
2
(1−ru(pr ))f (pr ) takes a positive value independent of  as long as it holds that
0 <  < r .
We now consider u(p). Since ((1 − v)f ) 0 at p , a direct calculation yields that
0
[

(
(1 − v)f )]∣∣
p
= (1 − v(p))f ∣∣p − 2∇f |p · ∇v|p − f (p)v|p .
This implies(
1 − v(p)
)
f
∣∣
p
  ·
(
2‖∇f |p‖ + sup
M
f
)
  ·
(
C + sup
M
f
)
.
Applying the same method as above, one may conclude that(
1 − ru(pr)
)
f (pr)f (p)  ·
(
C + sup
M
f
)
sup
M
f.
Thus, we see that there exists a positive constant C˜ independent of  > 0 such that
f |p  C˜.
It remains now to establish
lim
→0f (p) = supM f.
Let η > 0 be given arbitrarily. Since f is bounded from above, it is possible to choose a point
q ∈ M such that f (q) > supM f − η/2. Choose a constant  satisfying 0 <  < r such that
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Thus, we see that(
1 − u(p)
)
f (p)
(
1 − u(q))f (q) > sup
M
f − η.
Therefore, it follows immediately that
lim
→0f (p) = supM f.
This completes the proof. 
3. Construction of tamed-exhaustion functions
The discussion of preceding section leads us to the obvious subsequent discussion, namely, on
the construction of the special exhaustion functions. The main purpose of this section is indeed
focusing on it.
3.1. Omori–Yau condition
H.L. Royden has shown [9] the following:
Lemma 1 (Royden). Every complete Riemannian manifold with its Ricci curvature bounded from
below admits a tamed exhaustion function.
Notice that this lemma, together with Theorem 2 implies Theorem 1 almost maximum prin-
ciple of Omori and Yau.
Royden’s proof of this lemma is simplicity itself. Let M be a complete Riemannian manifold
with dimension n and with Ricci curvature bounded from below by a negative constant −c2.
Then fix x0 ∈ M . Then let r(x) = dist(x0, x) for every x ∈ M \ {x0}. Then, off the point x0,
it holds that |∇r| = 1. On the other hand, before hitting the cut locus of x0, r is smooth and
r  (n−1)/r +√n − 1 ·c. Let x be a cut point. Then connect x0 to x by a distance minimizing
geodesic, say γ . Consider a geodesic convex open neighborhood U of x and choose y ∈ U on
the geodesic γ . Then let v(z) = r(y) + dist(y, z) for every z ∈ U . Then v is a desired upper
supporting function for r at x. One can easily see now that therefore r gives rise to a desired
tamed-exhaustion function on U .
3.2. Ratto–Rigoli–Setti condition
The article by A. Ratto, M. Rigoli, and A.G. Setti in [7] presents a sufficient condition for the
almost maximum principle, that is more general than the Omori–Yau condition. Their exposition
can be summarized as follows:
Set r(x) = dist(x, o) the distance from a fixed point o ∈ M to an arbitrarily chosen point
x ∈ M . Call a complete Riemannian manifold M with dim M = m a member of class G, if its
Ricci curvature tensor satisfies the lower bound estimate
RicciM(∇r,∇r)−(m − 1)A2G(r) ∀r,
for some positive constant A, and some positive-valued smooth function G defined on [0,+∞)
satisfying the following four properties:
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(ii) G′(t) 0 on [0,+∞).
(iii) ∫∞0 G(t)−1/2 dt = ∞.
(iv) lim supt→+∞ tG(
√
t )
G(t)
< +∞.
Notice that if the Ricci tensor satisfies the estimate
Ricci−(m − 1)A2(1 + r2)
or the slightly stronger estimate
Ricci−(m − 1)A2(1 + r2)(log r)2 (r > 3),
then the Riemannian manifold belong to the class G. See [7] for more detailed discussion on the
class G.
Then they present
Theorem 3 (Ratto–Rigoli–Setti). Let M be an arbitrary complete Riemannian manifold M that
belongs to the class G. Then the almost maximum principle holds, i.e. for every C2 function
f :M → R that is bounded from above, there exists a sequence pk ∈ M such that
lim
k→∞f (pk) = supM f, limk→∞
∥∥∇f (pk)∥∥= 0, and lim sup
k→∞
f (pk) 0.
The method of our present paper provides an alternative proof, via a construction of a tamed
exhaustion function.
Proposition 1. Every complete Riemannian manifold belonging to class G admits a tamed ex-
haustion function.
Proof. As before we fix a point o in M and denote by r(x) = dist(x, o). Define u :M → R by
u(x) =
r(x)2∫
0
G(s)−1/2 ds.
Our present goal is to establish that u is a tamed exhaustion function. 
Case 1. The point o has no cut points in M .
It is easy to see that u is an exhaustion function for M . Hence, it suffice to show that ‖∇u‖ < C
and u < C′ outside a ball of a certain radius for certain constants C > 0 and C′ > 0. Denote
by φ(t) = exp{∫ t0 G(s)−1/2 ds} and B(r) = {x ∈ M | dist(0, x) < r}. Then u(x) = logφ(r(x)2).
Since
∇u = ∇ logφ(r2)= 2rG(r2)−1/2∇r,
and since the growth condition for G implies that√
r2G(
√
r2 )
2 = rG(r)1/2G
(
r2
)−1/2
< C, (1)
G(r )
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G
(
r2
)−1/2
r < CG(r)−1/2.
Since G(0) = 1 and G′(t)  0, it holds that inf[0,∞) G(r)  1. Consequently it follows that
sup[0,∞) G(r)−1/2 = (inf[0,∞) G(r))−1/2  1. Altogether, it follows that ‖∇u‖ < 2C. On the
other hand, a direct computation yields that
u =  logφ(r2)= 4r2(φ′/φ)′(r2)‖∇r‖2 + 2G(r2)−1/2(‖∇r‖2 + rr).
The first term in the last line is nonpositive since
(φ′/φ)′ = (G−1/2)′ = −(1/2)G′ G−3/2  0.
Combining it with (1), one deduces that
u 2CG(r)−1/2
(
r−1 + r).
At this juncture, we exploit
Lemma 2. (See [7,8].) Let (M,g) complete Riemannian manifold belonging to class G. Then
r  (m − 1)AG(r)
1/2
1 − e−A
∫ r
0 G(s)
1/2 ds
.
This lemma implies that there exists r0 > 0 such that
u 2C
(
1 + 2(m − 1)A)
on M \ B(r0). So u satisfies the additional conditions for a tamed exhaustion.
Case 2. The cut locus of o is nonempty.
Set a such that 2a = the distance to a closest cut point of o. Let p be a cut point of o. Let
F(t) = logφ(t2) for t > 0. We choose a point q outside of cut locus of o such that dist(p, q) < 1,
r(q) > r(p). Take , η > 0 such that B(p, ) ∩ B(q,η) = ∅ and B(q,η) does not have cut point
of o. Define a smooth map T : U → B(q,η) for a U ⊂ B(p, ) such that Tp(p) = q , and it is
translation sending p to q in a coordinate chart including both B(p, ) and B(q,η) and satisfying
r(T (x)) r(x).
Define C2 smooth function λ such that λ(p) = 1, |λ| 2 on B(p, ), ∇λ(p) = 0, λ(p) = 0,
and λ(x)r(T (x))  r(x) + r(q) − r(p) on U . We also define C2 smooth function μ in similar
way such that μ(x)(r(T (x)) − r(q))2  (r(x) − r(p))2. Set
L(x) = −F ′(r(q))(r(T (x))− r(q))+ F ′(r(p))(λ(x)r(T (x))− r(q)).
Set Q(r(p)) = supt∈(r(p)−1,r(p)+1) |F ′′(t)|. Define for x ∈ U
H(x) =
⎧⎪⎨⎪⎩
L(x) + (1/2)F ′′(r(p))μ(x)(r(T (x)) − r(q))2 when F ′′(r(p)) > 0,
L(x) − (1/2)F ′′(r(q))(r(T (x)) − r(q))2 when F ′′(r(p)) < 0,
L(x) + (1/2)Q(r(p))(r(T (x)) − r(q))2 when F ′′(r(p)) = 0.
Note that we choose q as close to p as F ′′(r(q)) and F ′′(r(p)) have same sign. Consider the
function
v(x) = F (r ◦ T (x))+ F (r(p))− F (r(q))+ H(x).
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linear part of v − u = F ′(r(p))(λ(x)r(T (x))− r(q) − (r(x) − r(p))) 0,
quadratic part of v − u
=
⎧⎪⎪⎪⎨⎪⎪⎪⎩
(1/2)(F ′′(r(q)) + F ′′(r(p))μ(x))(r(T (x)) − r(q))2,
−(1/2)F ′′(r(p))(r(x) − r(p))2 when F ′′(r(p)) > 0,
−(1/2)F ′′(r(p))(r(T (x)) − r(q))2 when F ′′(r(p)) < 0,
(1/2)(Q(r(p)) + F ′′(r(q)))(r(T (x)) − r(q))2 when F ′′(r(p)) = 0
 0.
Thus v is upper supporting function for u at p.
Now, it follows that
‖∇v‖|p 
∣∣F ′(r(p))∣∣(‖∇λ‖|p∣∣r(q)∣∣+ ∣∣λ(p)∣∣∥∥∇(r ◦ T )∥∥∣∣p) 4C.
It also follows that
v|p = F ′
(
r(p)
)
(r ◦ T )∣∣
p
+ ∥∥∇(r ◦ T )∥∥2∣∣
p
⎧⎪⎨⎪⎩
F ′′(r(q)) + F ′′(r(p)) when F ′′(r(p)) > 0,
0 when F ′′(r(p)) < 0,
F ′′(r(q)) + Q(r(p)) when F ′′(r(p)) = 0
 2CG
(
r(p)
)−1/2
m‖DT ‖2r|q + 4G
(
r(p)2
)−1/2
 2CC2
m(m − 1)A
1 − e−
∫ 2a
0 G(s)
1/2 ds
+ 2C/a.
Altogether, one can now conclude that u : M → R is a tamed exhaustion function for M .
3.3. Remarks on Takegoshi’s theorem
In [10], K. Takegoshi presented a theorem pertaining to the almost maximum principle which
is the focus of our consideration in this article. His theorem summarized into the following:
Theorem 4 (Takegoshi). Let (M,g) be a complete Riemannian manifold. If there exists a point
x ∈ M and a constant C > 0 such that
lim inf
r→∞
1
r2
log Volume
(
Bx(r)
)
< C,
where Bx(r) denotes the geodesic ball of radius r centered at x, then for every C2 smooth
function f :M → R that is bounded from above, there exists a sequence xk ∈ M (k = 1,2, . . .)
such that
lim
k→∞f (xk) = supM f and lim supk→∞ f (xk) 0.
Although the information on the gradient ∇f is missing (which was pointed out earlier in [6]),
it seems worth understanding this direction of Takegoshi’s methods, because the hypothesis on
the volume growth seems much more general than the condition for the existence of a tamed
exhaustion function.
In his paper cited above, Takegoshi actually proves the following statement:
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smooth function u :M → R satisfying:
(†) there exists a triple (α,β, γ ) of positive constants with α  1 such that
u(x) 0 and u|x  βu(x)α+1
for every x ∈ M with u(x) γ ,
then
lim inf
r→∞
1
r2
log Volume
(
Bp(r)
)= ∞
for every p ∈ M .
This follows by the arguments in pp. 27–30 (Proof of Theorem 1.1) of [10]. Then it should
be now obvious that Theorem 4 follows from Theorem 5. Once the hypothesis of Theorem 4 is
assumed, Theorem 5 immediately implies in particular that, for every triple (1, 1
k
, supf − 1
k
),
there exists xk ∈ M satisfying the conditions: f (xk) supf − 1k and f |xk < 1k f (xk)2. Letting
k tend to infinity, one immediately arrives at the conclusion of Theorem 4.
4. Remarks on complex manifolds
Let M be a complex manifold. A C∞ smooth function ψ :M → [−1,0) is called a special
exhaustion function if the following properties hold:
(i) ψ is proper, in the sense that the inverse image of any compact subset of [−1,0) is compact.
(ii) ψ is strictly plurisubharmonic in the sense that its complex Hessian is positive definite.
If a complex manifold M admits such a special exhaustion function, this falls into a rather im-
portant class of complex manifolds, called hyperconvex manifolds. The 2-form ddc(− log(−ψ))
yields a complete Kähler metric on M , and the function ϕ := − log(−ψ) is a tamed exhaustion
function with respect to this metric because |∇ϕ|  1 and ϕ = 2 dimC M < ∞. (See [4], and
also [3] for instance.) Thus the AMP works on this type of manifolds, and this fact may open up
possibilities for new studies.
The collection of hyperconvex complex manifolds is broad; it includes all the bounded
pseudoconvex domains in Cn with smooth boundary, for example. At the same time it is con-
tained in the class of complex manifold for which its Bergman metric is complete. (See [1,2].)
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